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Abstract—The critical current of the self-oscillation of spin
torque oscillator (STO) consisting of a perpendicularly magne-
tized free layer and an in-plane magnetized pinned layer was
studied by solving the Landau-Lifshitz-Gilbert (LLG) equation.
We found that the critical current diverged at certain field
directions, indicating that the self-oscillation does not occur at
these directions. It was also found that the sign of the critical
current changed depending on the applied field direction.
Index Terms—spintronics, spin torque oscillator, perpendicu-
larly magnetized free layer, critical current
I. INTRODUCTION
D IRECT current applied to a magnetic tunnel junction(MTJ) exerts spin torque on the magnetization of the
free layer. When the energy supplied by the spin torque
balances with the energy dissipation due to the damping,
the self-oscillation of the magnetization is realized. Spin
torque oscillator (STO) [1]-[11] utilizing this self-oscillation
is an important spintronics device applicable to microwave
generators and recording heads of a high density hard disk
drive (HDD) due to its small size, high emission power, and
frequency tunability. Recent development of the experimental
technique to enhance the perpendicular magnetic anisotropy of
CoFeB by adding an MgO capping layer [12]-[14] enabled us
to fabricate STO consisting of a perpendicularly magnetized
free layer and an in-plane magnetized pinned layer [15]-[18].
This type of STO in the presence of a large applied field (2-
3 kOe) showed a large emission power (∼ 0.5 µW) with a
narrow linewidth (∼ 50 MHz) [15]. On the other hand, the
emission power in the absence of the applied field was of the
order of 0.01 µW [16]. These results indicate that the applied
field plays a key role in the performance of STO. However,
the previous works only focused on the self-oscillation with
the perpendicular field, while it is experimentally possible to
apply the field in an arbitrary direction.
It is important for STO applications to clarify the depen-
dence of the oscillation properties of STO on the applied
field direction because of many reasons. For example, it was
shown in Ref. [21] for an in-plane magnetized system that
the oscillation frequency and the emission power could be
controlled by changing the field direction. Also, when STO
is used as a read-head sensor of HDD [22], the dipole field
from a recording bit acts as an applied field whose direction
depends on the bit information. The dependence of a critical
current for the self-oscillation on the applied field direction
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Fig. 1. Schematic view of the system. The unit vectors pointing in the
magnetization directions of the free and the pinned layers are denoted as m
and p, respectively. The x-axis is normal to the film-plane whereas the z-axis
is parallel to p. The positive current corresponds to the electron flow from
the free layer to the pinned layer. The direction of the applied field Happl is
characterized by two angles (θH , ϕH), where θH and ϕH are angles from
the z- and x-axes, respectively.
is also interesting because the critical current determines the
power consumption.
In this paper, we study the dependence of the critical current
of STO with a perpendicularly magnetized free layer and an
in-plane magnetized pinned layer on the applied field direction.
The critical current diverges when the field points to certain
directions, indicating that the self-oscillation cannot be in-
duced. This singularity arises from the energy balance between
the work done by spin torque and the energy dissipation due
to the damping. The field directions corresponding to the
divergence depend on the perpendicular magnetic anisotropy,
the applied field magnitude and direction, and the spin torque
parameter. The result implies that the emission power of STO
increases (decreases) significantly by tilting the magnetic field
to the parallel (anti-parallel) direction of the pinned layer
magnetization.
This paper is organized as follows. In Sec. II, we linearize
the Landau-Lifshitz-Gilbert (LLG) equation around the equi-
librium state of the free layer. In Sec. III, the theoretical
formula of the critical current is derived. The dependence of
the critical current on the applied field direction is also studied.
Section IV is devoted to the conclusion.
2II. LLG EQUATION
The system we consider is schematically shown in Fig. 1.
We denote the unit vectors pointing in the directions of the
magnetization of the free and the pinned layers as m and p,
respectively. The z-axis is parallel to p while the x-axis is
normal to the film-plane. The current I flows along the x-
axis, where the positive current corresponds to the electron
flow from the free layer to the pinned layer. The following
calculations are based on the macrospin model, which works
well as the volume of the free layer decreases. For our
parameters shown below, where the radius and thickness of the
free layer are 60 and 2 nm, respectively, the macrospin model
well reproduced the experimental results such as the current
dependence of the oscillation frequency [15]. On the other
hand, when the radius and thickness of the free layer become
larger than a few hundred and a few nanometers, respectively,
the vortex state appears in the free layer [23]-[27]. Although
the oscillation frequency of the vortex based STO is very low
(typically, on the order of 0.1 GHz), a narrow linewidth on
the order of sub MHz [27] is fascinating feature for practical
applications. The magnetization dynamics of the macrospin is
described by the LLG equation:
dm
dt
= −γm×H− γHsm× (p×m) + αm×
dm
dt
. (1)
The gyromagnetic ratio and Gilbert damping constant are
denoted as γ and α, respectively. The magnetic field is defined
by H = −∂E/∂(Mm), where the energy density E is
E = −MHapplm · nH −
M(HK − 4piM)
2
(m · ex)
2 . (2)
Here, M , Happl, nH =
(sin θH cosϕH , sin θH sinϕH , cos θH), and HK are the
saturation magnetization, applied field magnitude, unit
vector pointing in the applied field direction, and crystalline
anisotropy field along the x-axis, respectively. The spin torque
strength, Hs in Eq. (1), is [28]-[31]
Hs =
~ηI
2e(1 + λm · p)MV
, (3)
where V is the volume of the free layer. Two dimensionless
parameters, η and λ, determine the magnitude of the spin
polarization of the injected current and the dependence of the
spin torque strength on the relative angle of the magnetiza-
tions, respectively.
Because the parameter λ plays a key role in the following
discussions, explanations on its sign and value are mentioned
in the following. The form of Eq. (3) is common for spin
torque in not only MTJs but also giant magnetoresistive
(GMR) systems [28]-[32], and the theoretical relation between
λ and the material parameters depend on the model. For
example, Ref. [31] calculated the spin torque from the transfer
matrix of an MTJ, and showed that λ = ηη′, where η′
is the spin polarization of the free layer. The sign of λ is
positive (negative) when the MTJ shows the positive (negative)
TMR. On the other hand, in the case of a GMR system,
Ref. [30] calculated the spin torque from the ballistic spin
current in a circuit, and showed that λ = (Λ2 − 1)/(Λ2 + 1),
where Λ =
√
RF/RN depends on the resistances of the
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Fig. 2. Dependences of the critical current on the applied field angle θH
for (a) 95◦ ≤ θH ≤ 100◦ and (b) 100◦ ≤ θH ≤ 105◦ , where ϕH = 0.
ferromagnetic (F) electrode and the nonmagnetic (N) spacer.
Depending on the ratio RF/RN, λ can be both positive and
negative.
Before applying the current, the magnetization points to the
equilibrium direction corresponding to the minimum of the
energy density E. In the spherical coordinate, the polar and
azimuth angles (θ, ϕ) of the equilibrium direction satisfy
Happl [sin θH cos θ cos(ϕH − ϕ)− cos θH sin θ]
+ (HK − 4piM) sin θ cos θ cos
2 ϕ = 0,
(4)
Happl sin θH sin θ sin(ϕH − ϕ)
− (HK − 4piM) sin
2 θ sinϕ cosϕ = 0.
(5)
We introduce a new coordinate XY Z in which the Z-axis
points to (θ, ϕ) direction. The transformation matrix from the
xyz-coordinate to the XY Z-coordinate is given by
R =

cos θ 0 − sin θ0 1 0
sin θ 0 cos θ



 cosϕ sinϕ 0− sinϕ cosϕ 0
0 0 1

 . (6)
The magnetic field in the XY Z-coordinate is H =
(HXXmX + HXYmY , HYXmX + HY YmY , HZXmX +
HZYmY + HZZ), where Hij are the i-components of H
proportional to mj [33],[34]. The explicit forms of Hij are
HXX = (HK − 4piM) cos
2 θ cos2 ϕ, (7)
HY Y = (HK − 4piM) sin
2 ϕ, (8)
HXY = HY X = − (HK − 4piM) cos θ sinϕ cosϕ, (9)
HZX = (HK − 4piM) sin θ cos θ cos
2 ϕ, (10)
3HZY = − (HK − 4piM) sin θ sinϕ cosϕ, (11)
HZZ =Happl [sin θH sin θ cos(ϕ− ϕH) + cos θH cos θ]
+ (HK − 4piM) sin
2 θ cos2 ϕ.
(12)
Up to the first order of mX and mY , the LLG equation can
be linearized as
1
γ′
d
dt
(
mX
mY
)
+M
(
mX
mY
)
=
(
Hs0 sin θ
0
)
, (13)
where the components of the 2× 2 matrix, M, are given by
M1,1 =−HY X + α (HZZ −HXX)
−Hs0
(
cos θ + λ˜ sin θ
)
,
(14)
M1,2 = (HZZ −HY Y )− αHXY , (15)
M2,1 = − (HZZ −HXX)− αHY X , (16)
M2,2 = HXY + α (HZZ −HY Y )−Hs0 cos θ, (17)
where Hs0 = ~ηI/[2e(1 + λ cos θ)MV ] and λ˜ is given by
λ˜ =
λ sin θ
1 + λ cos θ
. (18)
III. CRITICAL CURRENT
Equation (13) indicates that the time-evolutions of mX
and mY are described by exp{γ[±i
√
det[M]− (Tr[M]/2)2−
Tr[M]/2]t}, where det[M] and Tr[M] are the determinant and
trace of the matrix M, respectively. The imaginary part of the
exponent determines the oscillation frequency of mX and mY ,
which is identical to the ferromagnetic resonance frequency in
the limit of α→ 0 and Hs → 0. On the other hand, when the
real part of the exponent (−γTr[M]t/2) is positive (negative),
the amplitude of mX and mY increases (decreases) with the
time increases. Therefore, the critical current is determined by
the condition Tr[M] = 0, and is given by
Ic =
2αe(1 + λ cos θ)MV
~η(2 cos θ + λ˜ sin θ)
(2HZZ −HXX −HY Y ) . (19)
When the applied field points to the perpendicular direction
(nH = ex) and HK > 4piM , the equilibrium direction is
(θ, ϕ) = (pi/2, 0). In this case, the critical current is [18]
lim
(θ,ϕ)→(90◦,0)
Ic =
4αeMV
~ηλ
(Happl +HK − 4piM) . (20)
Figures 2 (a) and (b) show the dependences of the critical
current Ic on the applied field angle θH for (a) 95◦ ≤ θH ≤
100◦ and (b) 100◦ ≤ θH ≤ 105◦, respectively, in which ϕH =
0. Also, in Fig. 3, Ic in (θH , ϕH) space is shown, in which
95◦ ≤ θH ≤ 105
◦ and −90 ≤ ϕH ≤ 90◦. The values of
the parameters are M = 1448 emu/c.c., HK = 18.6 kOe,
Happl = 2 kOe, V = pi× 60× 60× 2 nm3 η = 0.54, λ = η2,
γ = 1.732 × 107 rad/(Oe·s), and α = 0.005, respectively,
which are estimated from the experiments [15],[35],[36]. Two
important conclusions are obtained from Eq. (19), Figs. 2 (a),
2 (b), and 3.
The first conclusion is that the critical current
diverges at certain field directions (θ˜H , ϕ˜H)
Fig. 3. Map of the critical current Ic in (θH , ϕH) space. Along the red
and blue lines, the critical current diverges. The sign of the critical current is
positive (negative) in the left (right) side from the line of the divergence.
as lim(θH ,ϕH)→(θ˜H−0,ϕ˜H) Ic = +∞ and
lim(θH ,ϕH)→(θ˜H+0,ϕ˜H) Ic = −∞. For example, the critical
current diverges near θ˜H ∼ 100◦ for ϕH = 0, as shown in
Figs. 2 (a) and 2 (b). At (θ˜H , ϕ˜H), the condition
2 cos θ +
λ sin2 θ
1 + λ cos θ
= 0, (21)
is satisfied, which means that the denominator of Eq. (19) is
zero. It should be noted that Eq. (21) depends on not only
λ but also the perpendicular magnetic anisotropy and applied
field magnitude and direction through Eqs. (4) and (5).
The divergence of the critical current means that the self-
oscillation cannot be induced at the field direction satisfying
Eq. (21). It should be noted that the self-oscillation is realized
when the energy supplied by the spin torque balances with the
energy dissipation due to the damping. However, for example,
when λ = 0 and the equilibrium direction of the magnetization
is perpendicular to the film plane ((θ, ϕ) = (90◦, 0)), the total
energy supplied by the spin torque during a precession of
the magnetization around the perpendicular axis is zero, as
mentioned in Ref. [18]. Then, the critical current, Eq. (20), in
the limit of λ→ 0 diverges, and a steady oscillation does not
occur by the spin torque. Equation (21) should be regarded as
the generalized condition for an arbitrary pointing field, which
as a special case corresponds to λ = 0 for the perpendicular
field, i.e., the energy supplied by the spin torque is zero when
the field, anisotropy, and λ satisfy Eq. (21). A significant
reduction of the emission power is expected in experiments
when the field points to the direction (θ˜H , ϕ˜H).
The second conclusion is that the sign of the critical current
changes from positive to negative when crossing the line of the
divergence of Ic in Fig. 3 from left to right: see also Figs. 2 (a)
and (b). To understand this point, it is convenient to consider
the case in which a large field (Happl ≫ |HK − 4piM |)
points to the parallel (P) or anti-parallel (AP) direction of p.
Then, the system can be regarded as the in-plane magnetized
system. It is known that the sign of the critical current for
the switching from P to AP state in the in-plane magnetized
system is opposite to that for the switching from AP to P state
4[37]. In our definition, the sign of the critical current from P
(AP) to AP (P) state is positive (negative), which is consistent
with the sign of Ic shown in Figs. 2 (a) and (b). One of the
important conclusions in Ref. [15] is that only the positive
current can exert the self-oscillation of the magnetization in
this type of STO. However, the present result suggests that
the negative current can also exert the self-oscillation when
the field tilts to the anti-parallel direction of p.
Finally, let us briefly discuss the relation between the present
result and the STO applications. In STO applications, it is
desirable to obtain a large emission power by using a low
bias current. The emission power depends on the precession
amplitude mz . The previous experiments mainly focused on
the effect of the perpendicular field (nH = ex) [15]. On the
other hand, the present calculation shown in Fig. 2 (a) implies
that the emission power increases significantly by slightly
tilting the magnetic field from the perpendicular direction to
the parallel direction of p because mz with a large amplitude
at the low current is expected due to the decrease of the critical
current Ic. However, a further tilting of the magnetic field
leads to an decrease of the oscillation amplitude because the
oscillation is limited to the region mz > 0. Also, a complex
magnetization dynamics may happen due to a large difference
of the directions between the applied field and the anisotropy
field. These considerations imply an existence of an optimum
direction of the applied field for a high emission power, which
will be an important work to pursue in future.
IV. CONCLUSIONS
In conclusion, the critical current of STO consisting of
a perpendicularly magnetized free layer and an in-plane
magnetized pinned layer in the presence of an applied field
pointing to an arbitrary direction was calculated. The critical
current diverged at certain field directions, which meant that
the self-oscillation could not be induced by the spin torque.
The field direction corresponding to this singularity depended
on the perpendicular magnetic anisotropy, the applied field
magnitude and the direction, and the spin torque parameter.
The divergence arose from the fact that the spin torque could
not supply the energy to the free layer at these directions. It
was also found that the sign of the critical current changed
depending on the field direction.
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